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1. Introduction and Definitions
Fractional calculus is a branch of mathematics that deals with the study of
fractional order integrals and derivatives. Many real-life applications of fractional
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calculus can be found in earthquake prediction, mathematical bio-science, elec-
tronic system design, image processing and optics, interested reader can refer to
[12]. Saigo [11] studied the following fractional integral operators with Gauss hy-
pergeoemtric kernel:
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<I{i’$’” ) (z) = Q”F(—K) /Oz(;c — )", Fy <n PN skl — %) Fdt, (1)

and

1 o x
2200 @) = s [0 (A s = 5 o @)
where k, A, u € C, x € RT and 5 F(;) is the Gauss hypergeometric function defined
in Rainville [10], as:

o0

2F1(77’p;7_;z) = Z (nzzgf)n%: (nap’ T,z € C)

If A = —k, then (1) and (2) reduces to the Riemann-Liouville and Weyl type
fractional integral operators as follows (Agarwal and Choi [1]):
1 x
RG = (Z5, ™" = — — )" f(t)dt
(R5.f) (2) = @™ 1) ) = g [ =0 0
and

(WE o f) (1) = (T894 ) () = % / -y (e,

If A =0, then (1) and (2) reduces to the following Erdelyi-Kober fractional integral
operators as follows (Agarwal and Choi [1]):

rTRTH

(&4 1) (2) = (T52"f) (2) = ) /0 (- (0,

and

(K::go ) (x) = (If,’gé“ ) (z) = ()

The following new extended beta function is investigated by Kaurangini et al [5].
(ks Ri)in | (73 T e
YBII(Q,0) ="Byg 0,0
(di, Di)rg | (€5, L)

_ /01(1 — )0, ((1__9;)T) WY, (;—f) dt, (3)
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where min{Re(A), Re(Y)} > 0, min{Re(p), Re(I)} > 0, min{Re(2), Re(V)} >
0, and ,¥, is the generalized Wright function defined for z € C, complex ry,d,
and Ry, D, € R (k = 1,2,3...,h;t = 1,2,3,...,g) by the series in Kilbas and
Srivastava [6)].

(7, Ri)1p I n
’ +77,Rk)2
U, (2) =, U § k - L(ry z 4
WVe(z) =n¥, (4, D)y z I'(d, +nD,) n! (4)
vy )1,g

They also (Kaurangini et al. [5]) studied the following hypergeometric function:

A o (Tk,Rk)l,h (T’bﬂ)l,a
YEs (vadip) =T E v, 6552
(dm DL)I,g (‘gja Lj)l,(

B W(cb+n<,0 ) 2"
Z B(g,p—¢) nl

where Re(p) > Re(¢) > 0 and |z| < 1; and

: (5)

A - (7h, Rie) i | (73, Ti)1e
W(I)p:s((b; p) = W‘b@:g b3 2
(dis Di)1g | (45, Lj)ig

iww(b”’w)z” ©)
- B(¢,p—¢)  nl’

where Re(p) > Re(¢) > 0.

The main purpose of this article is to apply the Saigo’s fractional integral operators
in (1) and (2) to the newly introduced Gauss and confluent hypergeoetric functions
in (5) and (6). Furthermore, some new images formulas are also obtain by applying
integral transforms to the obtained fractional integral operators.

2. Fractional Integration of the New Extended Hypergeometric Function

2.1. The Left-sided Saigo Fractional Integral Operator
In this section the following power function formulas are required:

Lemma 1. [1]:

1) oy LOTTHp=A) 5y
(IO””A ! ) (z) = I(r—=NI(r+p+ /i)x ’ @)
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where k, A\, i, T € C with Re(k) > 0 and Re(7) > max{0, Re(A — u)}.
Lemma 2. [1]:

(RgﬂttT_l) ($) — %xf—i—n—l’ (8)
where k, 7 € C with Re(k) > 0 and Re(k) > Re(T).
Lemma 3. [1]:

I'(7 + p) L1

&) @) = et

: (9)

where K, pu, 7 € C with Re(tT + u) > 0.
The following definition is also needed in this section.

Definition 4: Pohlen in [8] defined the following Hadamard convolution (product)

for the two power series h(z) = anz" (2| < Rp) and k(z) = b,2" (|z| < Ry), where
Ry, and Ry are the radii of convergence defined by

o0

(hxk)(2) = apbyz" = (kxh)(z) (RyRp <R) (10)

n=0
Theorem 5. Let x >0, r, A\, i1, 7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢) >0,
Re(f) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0 and Re(k) > 0 be
such that Re(t) > max{0, Re(A — u)}. Then, the following holds:

(Zo2 e YR g st ) ()

(776),(7—1—/1—)\,5),(1,1)
— T \yFé\,g(Ung; ©; Z[L’e) % 3 W, 2t (11)
(1= X0, (T + K+ p, L)

Proof. Let F; be the left-hand side of (11), using (5) and changing the order of
summation and integral operator leads us to

) ‘I’BA’7QT(¢+TL,%0—¢)Z7L A
Fl = nz%(v)n pB(¢’(’0 — (b) ﬁ (IO,m Mt +nt 1) (l’) (12>

Applying (7) to (17) and simplifying, yields

> YBMI(0+n o — ) T(r+nOT(r+pu—A+nOT(1+n), ,

(13)

F =
n=0
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Using the Hadamard convolution (product) in (10) and Fox-Wright function in (4)
to (13) the required result in (11) is obtained.

Corollary 6. Let x >0, k,\, i, 7, 0,3, A, T € C, Re(p) > Re(¢) >0, Re({) > 0,
min{ Re(p), Re(¥)} > 0, min{Re(A), Re(T)} > 0 and Re(k) > 0 be such that
Re(1) > max{0, Re(A — p)}. Then, the following result is valid:

<Io”,’$’“f’1 YL (5 s zte)) ()
(1,0), (T +pu—X10),(1,1)
=7 M q’@gg(@ ©; zx’) % 30, 2zt
(T=X0O),(T+ K+ 1)
Corollary 7. Let x > 0, k,\, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢) > 0,
Re(f) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0 and Re(k) > 0 be
such that Re(k) > 0 and Re(k) > Re(). Then, the following formula holds:

(RS,JT_I YENS (v, ;5 2t )) (z)
(1,0),(1,1)

= g7l ‘I'Fg,g(v, o; ©; ng) * oW zxt
(T + K, {)

Corollary 8. Let x> 0, k,\, 1, 7, 9,3, A, T € C, Re(v) > 0, Re(p) > Re(¢) > 0,
Re(¢) > 0, min{Re(p), Re(I)} > 0, min{Re(A), Re(Y)} > 0 and Re(k) > 0 be
such that Re(t 4+ p) > 0. Then, the following holds:

(5&5571 YENS (v, 65 03 ztf)) (z)

(T —"_ /’L7 6)7 (17 1)
=7 ! ‘IJF;)\’g(v, b; ;22" % 50 zat
(T4+ K+ ul)

2.2. The Right-sided Saigo Fractional Integral Operator

Lemma 9. [1]:

I WINE | o F(l — T+ )\)F(l — T+ :u) T—A—1
I AC A~ T s Ry wr A (14

where k, A\, u, 7 € C with Re(k) > 0 and Re(T) < 1+ min{Re(\), Re(u)}.
Lemma 10. [1]:

OWat™) () = T (15)
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where k, 7 € C with Re(T) < 1+ Re(k).
Lemma 11. [1]:

F(l - T+ l’[’) I,T—l

(K;:gof_l) (z) = F(l—74+k+p) ’ (16)

where K, pu, 7 € C with Re(p) > Re(t) > —1.

Theorem 12. Letz > 0, k, \, 4, 7, 0, S, A, T € C, Re(v) > 0, Re(p) > Re(¢) >0,
Re(f) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0 and Re(k) > 0 be
such that Re(t) < 1+ min{Re(X), Re(u)}. Then, the following holds:

(Jm’fé’“f—l YEN (0,65 03 zt%)) ()
= g7t \I’Fgf,g(v, o; ©; zx’z) * 3 Wy zx~t
(1_7—76)7(/€+)‘+M_T+17£)
(17)

Proof. The proof of (17) follows directly from Theorem 5 and equation (14).

Corollary 13. Let © > 0, k, A\, 1, 7, 0,3, A, T € C, Re(p) > Re(p) > 0, Re(l) >
0, min{Re(p), Re(Y)} > 0, min{Re(A), Re(Y)} > 0 and Re(k) > 0 be such that
Re(1) < 1+ min{Re(\), Re(p)}. Then, the following holds:

(e Y)Y (i) ()
()‘ — T+ 17£)7(M_T+ 176)7<171)

= g7t \I’(I)gg(gb; ©; zx_g) *x 3 Wy 2xt
(1_7—76)7(K+A+M_T+17£)

Corollary 14. Let x > 0, k,7, 0,3 A, T € C, Re(v) > 0, Re(p) > Re(p) >
0, Re({) > 0, min{Re(p), Re(¥)} > 0 and min{Re(A), Re(Y)} > 0, be such
thatRe(T) < 1+ Re(k) >. Then, the following holds:

(Wit ™ Y EM (0, 010267)) (@)
AT (1_H_77£>7(171)
= g7t ‘I’Fm’% (v, ¢; @; zx™") % oy zxt
(1 -7 E)
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Corollary 15. Let © > 0, k, 1, 7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢) > 0,
Re(¢) > 0, min{Re(p), Re(I)} > 0, min{Re(A), Re(Y)} > 0 and Re(k) > 0 be
such that Re(u) > Re(t) > —1. Then, the following holds:

(et RS 0 65271 (@)
(n—71+1,0),(1,1)
=27t \PFQL\E(U, ¢; 0; 2z ") % 9, zxt
(k+p—1+1,0)
3. Integral Transforms of Fractional Integral Operator with the New
Extended Hypergeometric Function

3.1. Euler-beta Transform for the Fractional Integral and Derivative
Operators

Definition 16. The Beta transform of f(z) is defined in [8], as:

B{f(2): hym} = / F(2)2 (1 — 2yt (18)

Theorem 17. Let x > 0, k, A\, i1, 7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(p) >
0, Re(¢) > 0, min{Re(p), Re(3¥)} > 0, min{Re(A), Re(Y)} > 0, be such that
Re(1) > max{0, Re(A — p)}. Then, the following holds:

BL(Zo e YEN (0,052 ) (@) hym | = 270 (m) VLY (v, 65 03 2a)
(1, 0),(T+pn—X10),(h1),(1,1)
* 4\113 xf (19)
(T - )‘7£)7 <T+ K’+Ma£)7 (h+m7 ]-)
Proof. Let E be the left-hand side of (19), using (11), (18) and changing the order
of summation and integral leads us to

X UBIG (0410 — )T+ nO)D(r + pp— A+ nf)T(1+n)
b= nz_o(v)n pB(gb,gp—gb)n! Dt = A+ nO)l(T 4+ &k + p+ nl)n! g

1
X/ AN = 2)™ (20)

0

Simplifying (20), gives

= YBY3 (41,0 —0) T(r+nl)T(r+pu— A+ nOF(h+n)0(1 +n) '
E=1I(m) nz::o(v)n pB(qﬁ, o —¢n! T —=A+nl)I(7 + K+ p+nl)L(h+m+ !
(21)
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By applying the Hadamard convolution (product) in (10) and Fox-Wright function
n (4) to (21) the desired result in (19) is obtained.

Corollary 18. Let x > 0, k, A\, 1, 7, 0,3 € C, Re(p) > Re(¢) > 0, Re(f) > 0,
min{ Re(p), Re(J)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be such that
Re(1) > max{0, Re(A — p)}. Then, the following result is valid:
B{(Zo et Yah S (0 pit)) (@) hom )

(7,0), (T + 1= A 0), (h, 1), (1,1)

8
S

= 2T (m) YO0 (5 5 2a) * 4V
(7—_ Aa£)7(7+/{+ﬂ7€)7(h+m71)

Corollary 19. Let x > 0, 5, A\, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢) > 0,
Re(f) > 0, min{Re(p), Re(¥)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be
such that Re(k) > 0 and Re(k) > Re(). Then, the following formula holds:

B { (joxf—l YENS (v, 55 Zt£)> (); h, m}
(T, 6)7 (h’ 1)7 (1’ 1)
= T (m) Y E (0,61 20%) #5 "
(7— + Ma£)7 (h +m, 1)

Corollary 20. Let z > 0, rk, A\, i1, 7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(p) >
0, Re(¢) > 0, min{ Re(p), Re(3)} > 0, min{Re(A), Re(T)} > 0, and Re(k) > 0 be
such that Re(t 4+ ) > 0. Then, the following holds:

B { (5&ft7_1 \I'Fgg(v, o; ©; zt£)> (x); h, m}
(74w, 0),(h,1),(1,1)
=27 T (m) \I'Fg,g(v, b; p; 2') * 30, xt
(T+ K4+ w0, (h+m,1)
Theorem 21. Letx >0, k, A\, i1, 7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢) >0,

Re(f) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be
such that Re(t) < 1+ min{Re(X), Re(u)}. Then, the following holds:

BT YR (0,605 27)) (2): hym f = 270 (m) VELS (v, 6503 207)

A=—74+10),(p—7+1,0),(h,1),(1,1)
x4 Us xt
1—70),(k+X+p—7+1,0),(h+m,1)
(22)
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Proof. Equation (22) follows directly from (19) and (17).

Corollary 22. Let x > 0, k,\, u, 7, 0,3, A, T € C, Re(p) > Re(p) > 0, Re(l) >
0, min{Re(p), Re(J)} > 0, min{Re(A), Re(T)} > 0, and Re(k) > 0 be such that
Re(1) < 1+ min{Re(\), Re(n)}. Then, the following holds:

B { (j;f@”f*l qj@gg(qﬁ; ©; zt*£)> (x); h, m}
= a7 (m) YO0 (6 ;2
()\ — T+ ]_’f), (l’[’ - T+ 17€)a (hv ]-)a (]-7 1)
* 4\113 l'_e
(1_7—7€>7("€+)‘+M_7—+17€)>(h+m71>

Corollary 23. Let x > 0, k,7,0,3,A,T € C, Re(v) > 0, Re(p) > Re(¢p) > 0,
Re(¢) > 0, min{Re(p), Re(¥)} > 0, min{Re(A), Re(Y)} > 0, be such that Re(r) <
1+ Re(k) >. Then, the following holds:

B { (WS,OJT_I YEN (v, 55 zt%)) (); b, m}
(k —7+1,0),(h,1),(1,1)
=271 (m) ‘I’Fgﬁ’g(v, ¢; 0; 227 % 3 Wy xt
(1—=71,0),(h+m,1)

Corollary 24. Let x > 0, k, i1, 7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢) > 0,
Re(¢) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be
such that Re(u) > Re(t) > —1. Then, the following holds:

B { (IC;:@.‘OtTfl ‘I’FQ’%\T(U, o; ; zt’€)> (x); h,m}

(w—74+1,0),(h,1),(1,1)
=27 'T(m) ‘I’Fgﬁg(v, b; p; zx7Y) % 30y 7t
(’{+M_T+17£)7(h+ma]—)

3.2. SUM Transform for the Fractional Integral and Derivative Opera-
tors

Definition 25. The SUM transform is defined by Hasan et al. [3] by

SAIG = 5 [ (23)

where t > 0, r € Z, a € (0,00) \ {1}, my < s < my and my,my > 0.
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Theorem 26. Letx > 0, 5, A\, i1, 7, 9, S, A, T € C, Re(v) > 0, Re(p) > Re(¢) > 0,
Re(?) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be
such that Re(t) > max{0, Re(A — p)}. Then, the following holds:

S {F (T YN (v, 01 zt()) (z)}

= —xT_/\_l VAT (v ;5 ©; )
s"[slog(a)]F — &> \ 77T slog (a)]
(776)7(T+M_)‘a£) (k ]') ( )
* 4 Wy % (24)

(T—=MNO,(T+ K+ pl),(k+m,1)

Proof. Let S be the left-hand side of (24), using (11), (23) and changing the order
of summation and integral leads us to

R WBAW¢+m¢—¢0nT+n@nT+M—A+n@m1+n)e
Z B(¢, ¢ — ¢)n! Lt = A+ nOT(7+ &+ p+ nl)n! o

X {l/ a_szzk+”_1dz} (25)
s" Jo
Simplifying (25), gives

o & VB (9t — 9)
S = ol =" B —am

D(7 4+ nO0(1 + p = A+ nOC(k +n)T(1 +n) ( 2t )n
Dt = A+ nO)(T 4+ k+ p+ nl)n! [slog(a)]

(26)

By applying the Hadamard convolution (product) in (10) and Fox-Wright function
n (4) to (26) the desired result in (24) is obtained.

Corollary 27. Let x > 0, 5, A\, i1, 7, 0, S, A, T € C, Re(p) > Re(¢) > 0, Re() >
0, min{Re(p), Re(¥)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be such that
Re(7) > max{0, Re(A — p)}. Then, the following result is valid:

Sa{ k— 1<I’““t7 1@®Ar(¢ %Z#>)( )}:%

’ (1,0), (T 4+ p—X10),(k,1),(1,1)

zx
\IJ(I)AT <¢ & [slog(a )]) *ats [sloxgl(a)]
(1=X0O),(T+r+pL),(k+m,1)
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Corollary 28. Let x > 0, k, A\, 0,3,A,T € C, Re(v) > 0, Re(y) > Re(¢p
Re(¢) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(T)} > 0, and Re(r) >
such that Re(rk) > 0 and Re(k) > Re(7). Then, the following formula holds:

> 0,
0 be

S, {zk‘l (Rg,xtT_l YENS (v, 6503 zte)) (1')}
(7,0),(k,1),(1,1)

g1 U AT 2t zt
= - F@% v, ¢a Py T N [SlOg( )] * 3\1j1 ( 8) [slog(a)]
T+ K,

Corollary 29. Let x > 0, k, \, 4, 7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢p) >
0, Re({) > 0, min{ Re(p), Re(])} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be
such that Re(t + ) > 0. Then, the following holds:

S {1 (&t VRN (0,602t ) (2) }

0),(k,1),(1,1
o art! ¥ A Y (U gb-go-—zxz )* v [(TjLM’ S ot
== l & 0,3 y &y ¥ l 3¥1 [slog(a)]
5 [slog(a)] [slog(a)] (rtr )

Theorem 30. Letx > 0, k, A\, i1, 7, 0, S, A, T € C, Re(v) > 0, Re(p) > Re(¢) >0,
Re(¢) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be
such that Re(T) < 1+ min{Re(X), Re(n)}. Then, the following holds:

s, {zk_l (ﬂj@’“t“l YENS (v, 65 01 Zt‘€)> (w)}

mT*)\*l T AT zxif
S ()
s[slog(@)F 99 (¢ & [szogmﬂ)

A=T+1,0),(u—7+1,0), (k, 1), (1,1)

x4 { log (@)
(1-70),(k+X+p—7+10)

Proof. Theorem 30 follows from Theorem 26.

A, T € C, Re(v) >0, Re(p) > Re(p) >

Corollary 31. Letx > 0, K, \, pu, 7, 9, S
e(T)} >0, and Re(k) > 0 be

0, Re(¢) > 0, min{Re(p), R ( )} >0, mln{Re( ), R
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such that Re(t) < 1+ min{Re(X), Re(u)}. Then, the following holds:

Sa{zk 1<jn>\,u,t’r 1 \I/(I)AT(¢ gp,zt_6)>( )}

T—A—1 —/

= o 23 (%7 o)

(/\ — T+ 176)7 (:u’ -7+ 176)7 (kv 1)7 (17 1)
=t
*als [slog(a)]

(1_776)70{—'_)‘—1—”_7——'—176)

Corollary 32. Let x > 0, k,7,0,3,A,T € C, Re(v) > 0, Re(p) > Re(¢p) > 0,
Re(0) > 0, min{ Re(p), Re(J)} > 0, min{Re(A), Re(Y)} > 0, be such that Re(T) <
1+ Re(k) >. Then, the following holds:
Sa {zk‘l (WS,OJT_I YN (v, s zt“)) (w)}
pTHE—1 T AT Z:L'*Z
_ T wvpAn P T
Thlogla o \" %% Fogfa
(1—7—r,0),(k1),(1,1)
v =
e [slog(a)]
(1 - T E)

Corollary 33. Let © > 0, k, 11, 7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢) > 0,
Re(?) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be
such that Re(pu) > Re(T) > —1. Then, the following holds:

S, {zk_l (IC;:@‘.OtT_wFQ’g(U,gb; ©; zt_£)> (x)}

T—1 —L

= StegaF 5 (5 )

(M_T—i_lvg)?(ka]-)?( ) )
N S
*a¥2 [slog(@)]
(k+p—71+1,0)

If a = e and r = 0, then (24) and (27) reduce to the classical Laplace transform as
follows:

Corollary 34. Let x > 0, k, A\, 1, 7,0, S, A, T € C, Re( ) >0, Re(p) > Re(¢) >
0, Re(¢) > 0, min{Re(p), R ( )} >0, mln{Re( ), Re(T)} > 0, and Re(k) > 0 be
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such that Re(t) > max{0, Re(A — u)}. Then, the following holds:
L {zk_l (I&ﬁ’“t“l \I'Fgﬁg(v,qﬁ; go;ztz)> (x)}
4 (Ta£)7(7—+ﬂ_/\7€) (kl
=z A \pFé\g (Uaéf);%@;ﬁ)*zﬂl& %
’ ’ (T = X0, (7 + 6+ . 0), k+m,1>
Corollary 35. Let z > 0, 5, A\, i1, 7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢p) >

0, Re(¢) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(T)} > 0, and Re(n) 0 be
such that Re(t) < 1+ min{Re(\), Re(u)}. Then, the following holds:

L (e R e th) (@)
:xT_A_lWF/%g’E( 7¢’ ’Zx é)

sk
(>\ — T+ Lg)? (HJ — T+ 17€)a (kv 1)a (17 1)
* 4 Wo z"
(1_77£>a(/{+)‘+ﬂ_7—+1a€)
3.3. Whittaker Transform for the Fractional Integral and Derivative
Operators

Theorem 36. Letz > 0, k, \, 1, 7, 0, S, A, T € C, Re(v) > 0, Re(p) > Re(¢) >0,
Re(¢) > 0, min{Re(p), R ( )} >0, mln{Re( ), Re(Y)} > 0, and Re(k) > 0 be
such that Re(T) > max{0, Re(A — p)}. Then, the following holds:

/000 2F exp <_ZLZ> W, p(mz) (I”’\“tT N}FAT(U o3 ¢ Zt€)> (2)d=

:L,T—)\—l T AT xﬁ
= Fos <U,¢;903 E)
(1,0, (T+p=X0,11) (3+p+k1),(3—p+k+n1)
% 5 Ws z | (28)
(T - )‘7€>7(7—+’%+/L7€)7<1 - Q"—kal)
Proof. For simplicity, let W be the left-hand side of (28), using (11) and changing
the order of summation and integral leads us to

. i Bl (+n,0— @) T(r+nO)(r+p— A+nOT(1+n) ,
B(¢, ¢ — ¢)n! Lt = A+ n0OT(7+ &+ p+ nl)n! v

X /0 2L exp (—;nz) W, ,(mz)dz (29)
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Setting mz = ¥ in (29) leads us to

%H < YBY (G0 — ) D(r +n)T(r + 1 — A+ nOD(1 +n) <we>"

W= Z(U)n B(¢, o — ¢)n! D(T—A+nO)T(r+k+p+nn \m

/ Ykt 1exp< ﬁ)w H(9)dV (30)

Using the result from Bhatnagar and Pandey [2], we obtained:

S — (G +p+k)T(3—p+k)
/0 9 exp (7) W, ,(9)d9 = TR R

where Re(p + k) > —3, W, ,(;) the Whittaker confluent hypergeometric function
and so, Simplifying (30) using (31) gives

Tl ST YB3 (¢ + .0 — ¢)
mk n=0 " B(¢7 2 ¢)n'
D(r+nO0(r+p=A+nO0 (G+p+k+n)T (5 —p+k+n)T(1+n) (2\"

F(r—=A+n0)l(t+r+p+nl)l' (1 -0+ k+n)n!

W =

(32)

m

By using the Hadamard convolution (product) in (10) and Fox-Wright function in
(4) to (32) the desired result in (28) is obtained.

Corollary 37. Let x > 0, k,\, i, 7, 0, 3, A, YT € C, Re(p) > Re(p) >0, Re() >
0, min{Re(p), Re(J)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be such that
Re(1) > max{0, Re(A — p)}. Then, the following result is valid:

/000 2 exp (—Zzz) Wy ,p(mz) (I’”‘“tT ! WQDAT(QS, ©; zt£)> (x)dz

T—A—1 V4
_ 7t veA Y (4o T
- mk 0,3 ¢7 ®; E

(1,0, (T+p—X0,1,1)(5+p+k1),(3—p+k1)
*5\113 %{
(T_)‘7£)7<T+K’+lua£)7(1_Q+k71)

Corollary 38. Let x > 0, k, A\, 0,3,A, T € C, Re(v) > 0, Re(p) > Re(¢) > 0,
Re(?) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be
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such that Re(rk) > 0 and Re(k) > Re(t). Then, the following formula holds:

/0 2F exp (—gzz) W, p(mz) (RSJtT_l ‘I’Fgﬁ’g(v,qb; ©; zt€)> (x)dz

T—A—1 V4
_ 7 v ALY o
- Tnk 0, Ua¢7¢a__

(1,0, 1,1) (5 +p+k,1),(3—p+k1)
*4@@

3%

(T4 K, 0),(1—0+k,1)

Corollary 39. Let z > 0, 5, A\, i1, 7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢p) >
0, Re(¢) > 0, min{Re(p), Re(])} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be
such that Re(t 4+ p) > 0. Then, the following holds:

/ 2F exp <—72nz> W, p(mz) (5&’{,‘257’1 \PFQ’%T(U, &; ¥ ztf)> (x)dz
0

-1 ¢
x" T
_ U AT e
- 7nk Fkﬁ} <U>¢a¢7 >

(T+mp,0),1,1) (3+p+k1),(3—p+k1)
* 4 WUy

3%

(T+K+uml),1—0+k1)

Theorem 40. Ifz > 0, k, A\, 1, 7, 0,3, A, T € C, Re(¢) > 0, min{Re(p), Re(I)} >
0, min{Re(A), Re(T)} > 0,such Re(k ) >0 and Re(T) < 1+m1n{Re( ), Re(p)}

/0 2Fexp (_Tmz> W,,p(m2) (Jm’f;ﬁ’“f_l YENS (v 6 Zt‘£)> (x)d>

T—A—1 —¢
_ 7 v ALY o X
- 7nk 0, U7¢7¢77n

A=7+1,0,(p—7+10,(L,1),(3+p+k1),(3—p+k1)
* 5 W Z
1-—70),(k+AX+p—7+1,0),(1—0+k,1)

Proof. Theorem 40 follows from Theorem 36.
Using equation (28), (31) and (33) the following formulas are obtained:

Corollary 41. Let x > 0, k, A\, p, 7, 0,3, A, T € C, Re(p) > Re(p) > 0, Re(l) >
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0, min{ Re(p), Re(3)} > 0, min{Re(A), Re(T)} > 0 and Re(k) > 0 be such that
Re(1) < 1+ min{Re(\), Re(p)}. Then, the following holds:

& —mz _ —
/0 2F exp ( 5 ) W p(mz) (Jx’f;é’“tf ! “’@Qg(d); p; 2t e)) ()d=
$T_A_1@ AT $_€
= o (I)@f:; (¢7 s W)
(A —'T'+'1>£)7(M _'T'+'17€)7(171)a(% +'p'+'k71) ’(% __p-+_k’1)
k 5\113 %
(1—T7€)’(/§+)\+/_L—T+1,€),<1_Q+k71)

—L

Corollary 42. Let z > 0, k,7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢) > 0,
Re(?¢) > 0, min{Re(p), Re(¥)} > 0, min{Re(A), Re(Y)} > 0, be such that Re(T) <
1 + Re(k) >. Then, the following holds:

/ 2 exp (—72712) W, p(mz) <W§7wt7_mF£’g(v,¢; ©; zt_£)> (x)dz
0

- —0
X X
U AT o
= mk Fp,g (Ua ¢7 QO, m >

I-r=7+10,(L1,(3+p+k1),(3-p+k1)
* 4 Wo %
(1—7,0),1—0+k,1)

—L

Corollary 43. Let x > 0, 5, pu, 7, 90,3, A, T € C, Re(v) > 0, Re(p) > Re(¢) > 0,
Re(f) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0 and Re(k) > 0 be
such that Re(p) > Re(t) > —1. Then, the following holds:

& —mz ot ar A, _
/0 Zk exp ( 9 ) W&p(mZ) (ch:got l\I]F@7§<’U7 ¢, ©; ot E)) (I)dz
T—1 —¢
R N % . x
=Tk Fpg <U,¢790, ﬁ)
(n=7+1,0,(11), (5 +p+k1), (53— p+k1)
* 4\112 %_Z
(k+pu—17+1,0),1—p+k,1)

3.4. Verma Transform for the Fractional Integral and Derivative Oper-
ators

Theorem 44. Letx > 0, k, \, 41, 7, 0, S, A, T € C, Re(v) > 0, Re(p) > Re(¢) > 0,
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Re(¢) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0, and Re(x) > 0 be
such that Re(t) > max{0, Re(A — u)}. Then, the following holds:

T A—1 xZ
= — ‘PFQST (v,cb;sO;E)

[ (1, 0),(T+pn—X\0,1,1)2p+k, 1), (k, 1)
*sWs

(34)

3 |H&

(T=XN0O,(T+E+m0),(3+p—0+k1)

Proof. The proof of this theorem follows from Theorem 36.

Corollary 45. Let x > 0, k, A\, p, 7, 0,3, A, T € C, Re(p) > Re(p) > 0, Re(l) >
0, min{Re(p), Re(J)} > 0, min{Re(A), Re(T)} > 0, and Re(k) > 0 be such that
Re(1) > max{0, Re(A — p)}. Then, the following result is valid:

V{(I’““tf 1 \I/(I)AT(¢ %th))( )}

A1 ¢
T w4 F
T Tk 0,3 ?; %E

[ (1, 0),(T+pn—X0),1,1)2p+ k,1),(k, 1) ]
* 503

3 |a.’\

(T=XN0O,(T+E+p0),(3+p—0+k1)

Corollary 46. Let z > 0, k, A\, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢p) > 0,

Re(¢) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be

such that Re(k) > 0 and Re(k) > Re(T). Then, the following formula holds:
V{(Re N isit)) (@) }

T-"-K 1 Ié (T+"€7€>7(171) (2P+k71)7(k71)
——"Fy (v o3 ;3 —) * 4 Wy

(T+/€,£),(%+p—g+k,1)

z’
m

I

Corollary 47. Let x > 0, r, A\, i, 7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(p) >
0, Re(¢) > 0, min{Re(p), R ( )} >0, mln{Re( ), Re(T)} > 0, and Re(k) > 0 be
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such that Re(t 4+ p) > 0. Then, the following holds:

V{(&ﬁﬁp4wfﬁ§@u@¢xd6>tﬂ}
1.7'—1 AT [l?é (T+Ma€)7(171) (2p+k71)7(ka]-) )
= W@Fps (U,¢§ 2 E) * 4 Wy ‘
(T+K+M7£)a(%+p_g+kvl>

3%

Theory 48. Let © > 0, k, A\, i1, 7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(p) > 0,
Re(f) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be
such that Re(t) < 1+ min{Re(\), Re(u)}. Then, the following holds:

T—A—1 ,g
V{QKQWFJWfﬁghwﬁwmfﬂ>@0}=aj WFﬁ?<,¢#% )

mk
()\ — T+ 176)7 (M — T+ 17‘6)7 (17 ]-)7 (2p+ k71) ) (ka ]-)
X *5\1/3 % (35)
(1—70),(k+X+p—74+10,(3+p—0+k,1)

Proof. Proof of this Theorem follow from Theorem 40.

Corollary 49. Let x > 0, k,\, p, 7, 0,3, A, T € C, Re(p) > Re(p) > 0, Re(l) >
0, min{Re(p), Re(J)} > 0, min{Re(A), Re(T)} > 0, and Re(k) > 0 be such that
Re(1) < 1+ min{Re(\), Re(p)}. Then, the following holds:

V{(Jm\“tT 1\11(1)AT<¢ o 2t ))( )}

T)\l 75
g )
(/\—T—i-1,(),(/1—7’%—1,6),(1,1),(2p+k,1),(k,l)

* 5W3 et
(I=70),(k+A+p—7+1,0),(3+p—0+k]1)

—L

Corollary 50. Let z > 0, k,7, 0,3, A, YT € C, Re( ) > 0, Re(yp) > Re(¢) > 0,
Re(?) > 0, min{Re(p), R ( )} > 0, mln{Re( ), Re(T)} > 0, be such that Re(T) <
1 + Re(k) >. Then, the following holds:

ﬂ ]

VIWet ™ YL o)) (@)

rr—1 ) (1-r-70),(1,1),(20+k,1), (k1)
_Z v pAT R
- k Fos <va¢a 3 > * 4 Wo
L m

m

(1_77€)>(%+p_9+k31)
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Corollary 51. Let x > 0, k, 1, 7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢) > 0,
Re(¢) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be
such that Re(u) > Re(t) > —1. Then, the following holds:

1% { <K::got7_1wF$g(v, o; ¥; zt_£)> (x)}
xT—l Z.—é (M_T_l_17@’(171)7(2p+ka1)7(k71)
_ \I!FA7T o i} z—t
mk 0, (Ua¢>§0a m ) * 4 Wo m
(k+p—T7+10,(3+p—0+k1)

3.5. Pathway Transform for the Fractional Integral and Derivative Op-
erators

Definition 52. Pathway integral transform is also called Py-transform an is de-
fined by Kumar [7] and Kachhia et al., [4] by

Pﬂﬂ@w}zémﬂﬁﬂ+@%%ﬁT”3W, (36)

where ¥ > 1 and the Py-transform of power function is given by

T—1. .\ _ (V-1 '
Polem s =TT {m[l . 1)3]} ’ (37)

where 7 € C, Re(7) > 0 and 9 > 1.

Theorem 53. Letx >0, 5, A\, i1, 7, 0, S, A, T € C, Re(v) > 0, Re(p) > Re(¢) >0,
Re(f) > 0, min{Re(p), Re(J)} > 0, min{Re(A), Re(T)} > 0, and Re(k) > 0 be
such that Re(t) > max{0, Re(A — p)}. Then, the following holds:

Py {zl‘l (L?,;f’“t“l YENS (v, 655 th)> (z)}
F—A—1 (¥ -1) U AT (0 1)
_ N  ©;
! {mu+w—1m} @M(“ﬁ@wmruﬂ—nﬂ
(7.0, (T + =20, 1), (LY |
zt(v—1
4 Wy 1n[1+((7971))8] (38)
(=N, (T+ K+ p, )

Proof. For convenience, let @@ be the left-hand side of (38), using (11), (36) and
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changing the order of summation and pathway transform give us to

- WBAH¢+%¢—¢HW44@FU+M—A+n@N1+n)M
©= Z B(¢, o — ¢)n! I’(T—/\+n€)I‘(T+f@+u+n€)n!I

X / 2L 4 (9 — 1)s] 7 1d (39)
0
Simplifying (39) using Py of power function in (37) gives
Q:x’r—)\—l |: (79 :|l§: \IJBAT(¢+7L790_¢>
[l + Y TR Py

(40)

I'(r+nf)l (7‘~|—u /\+n€)1“(l+n) (1+n) zt(9 — 1)
LT = A+ nOI(T+ Kk + p+nl)n! In[1+ (¢ —1)s]
Using the Hadamard convolution (product) in (10) and Fox-Wright function in (4)
0 (40) the desired result in (38) is obtained.

Corollary 54. Let x > 0, k,\, p, 7, 0,3, A, YT € C, Re(p) > Re(p) >0, Re() >
0, min{Re(p), Re(J)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be such that
Re(1) > max{0, Re(A — p)}. Then, the following result is valid:

Pg{ - 1(Imutf 1\1/(I)AT(¢ %Zte)>( )}

T—A-1 (V-1 U5 AT (0 — 1)
= N
v {mu (0 — 1)3]} P (¢ Pl + (0 - 1)
(7, 0), (T +p—A0),(1,1),(1,1)
% U zf(9-1)
4%2 In[1+(9—1)s]
(T—=XN0),(T+ K+ ul)
Corollary 55. Let x > 0, rk, A\, 0,3,A, T € C, Re(v) > 0, Re(p) > Re(¢) > 0,
Re(f) > 0, min{Re(p), Re(¥)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be
such that Re(k) > 0 and Re(k) > Re(T). Then, the following formula holds:

Py {zlil <’R§,xtT*1 ‘I’Fé\’g(v, o; p; ztf)> (:L’)}

~ [ " (e 1)

[ (1,0),(1,1),(1,1) ]
% S\Ijl zf(9-1)

In[14+(9—-1)s]
(7 +5,0)
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Corollary 56. Let x > 0, 5, A\, i1, 7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢p) >
0, Re(¢) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(T)} > 0, and Re(k) > 0 be
such that Re(t 4+ p) > 0. Then, the following holds:

Py {zl_l (5&’5757_1 ‘I’Fﬁg(v,qﬁ; gp;ztf)> (x)}

A (¥-1) ¥ AT 2w 1)

-7 [ln[l—i—(ﬁ—l)s]} Fos (Wb’ 4 1n[1+(19—1)s]>
[ (7 +p,0),(,1),(1,1) ]

S

zf(9-1)
In[1+(9—1)s]
(7 + K+ pl)

Theorem 57. Letx >0, k, A\, i1, 7, 0, S, A, T € C, Re(v) > 0, Re(p) > Re(¢) >0,
Re(¢) > 0, min{Re(p), Re(3)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be
such that Re(T) < 1+ min{Re(X), Re(u)}. Then, the following holds:

Po { (T2 YEY (0, 6501 2t7)) (w)ikm |
_ :L'T_)\_l |i (19 B 1) :| ‘lstf,g ('U, ¢7 ©: [xe(ﬁ B 1) )

In[1 + (¥ —1)s] Inf1 + (¥ — 1)s]
()‘_T+17€)7(M_T+176)7(171)7(171)
2t (9—
*4‘1’2{ M} (41)
(1_T’£)7(I€+>\+M_T+176)

Proof. Theorem follows directly from Theorem 53.

Corollary 58. Let z > 0, k, A\, i1, 7, 0, S, A, T € C, Re(p) > Re(p) > 0, Re(l) >
0, min{Re(p), Re(¥)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be such that
Re(1) < 1+ min{Re(\), Re(n)}. Then, the following holds:

Po{ (T YOh (910 2t7™)) ()i k)

_ . T—A—1 (19 — 1) U AT o IL’Z(ﬂ — 1)

=2 {mu T (- 1)5]] Pois <¢’ Pl + (0 — 1)31)
A=7+1,0),(p—74+1,0),(1,1),(1,1)

%, U, zf(9-1)

In[1+(9—1)s]
(1_7—76)7(’%—’_)\—*—”_7-—’_176)

Corollary 59. Let z > 0, k,7, 0,3, A, T € C, Re(v) > 0, Re(p) > Re(¢) > 0,
Re(f) > 0, min{Re(p), Re( )} > 0, mln{Re( ), Re(T)} > 0, be such that Re(r) <
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1+ Re(k) >. Then, the following holds:

Py { (Wg’j’oof*l ‘I’Fgﬁg(v, b; ; zt’€)> (x); k, m}

— gl Ln[ W-1) } YENS (v,d); ©; [:cf(ﬁ —1) )

+ (¥ —1)s] Inf1 + (¥ — 1)s]
(1_7__'%;6)7(171)( )
xt (9—
* 4V T
(1 -, E)

Corollary 60. Let x >0, 5, pu,7,9,3,A, T € C, Re(v) >0, Re(p) > Re(¢) > 0,
Re(f) > 0, min{Re(p), Re(¥)} > 0, min{Re(A), Re(Y)} > 0, and Re(k) > 0 be
such that Re(p) > Re(t) > —1. Then, the following holds:

P { (ICZ:@‘.OtT_l \I’Fﬁg(v, o; ¥; zt_£)> (x); k, m}
_ 1 (¥ —1) ¥ AT a2t -1)
- Lnu - 1>SJ Fol ( P [+ (09— 1]
(p—71+1,0),(1,1),(1,1)
zl(9—1
* 40 1n[1+((1971))s]
(K' tu—T+ 17 f)
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